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Building on recent significant results of Frodden, Ghosh and Perez (FGP) and Bianchi, I present a quantum 
version of Jacobson's argument that the Einstein equations emerge as the equation of state of a quantum gravita- 
tional system. I give three criteria a quantum theory of gravity must satisfy if it is to allow Jacobson's argument 
to be run. I then show that the results of FGP and Bianchi provide evidence that loop quantum gravity satisfies 
two of these criteria and argue that the third should also be satisfied in loop quantum gravity. I also show that 
the energy defined by FGP is the canonical energy associated with the boundary term of the Hoist action. 
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I. INTRODUCTION 

In 1995 Ted Jacobson gave a highly influential argument 
that the Einstein equations arise from the thermodynamics 
of a deeper theory as the equation of stateJT). Here I give a 
quantum mechanical version of that argument and show that 
it can be run in loop quantum gravity when the dynamics are 
given in terms of a spin foam model. This is possible because 
of recent results of Frodden, Ghosh and Perez[2| (FGP) and 
Bianchi[3 1 on the thermodynamics of quantum black holes in 
loop quantum gravity. These works exploit, in the context of 
loop quantum gravity, the analysis of the thermodynamics of 
black holes as seen from an observer hovering a short dis- 
tance above the black hole horizonJSJQ. This gives a new 
argument that the classical Einstein equations are the correct 
classical dynamics to govern an emergent classical space-time 
description of spin foam models. 



To make it clear what is assumed and what is shown here I 
give a brief sketch of the main argument. 

• I assume that there is an underlying dynamical quantum 
geometry which has a background independent descrip- 
tion in the language of loop quantum gravity. In order to 
utilize the results of FGP and Bianchi, the quantum dy- 
namics is given according to recent work in spin foam 
models JH. 

• I assume that there are large regions of space-time 
which admit a course grained description in terms of 
a classical space-time manifold, 5Vf, on which there is 
defined a classical metric g a f,. There are also assumed 
to be matter fields on the quantum space-time whose 
emergent course grained description is in terms of a 
conserved energy-momentum tensor Tab defined on M. 
Both gai, and T u b are assumed to be slowly varying on 
the Planck scale. What is not assumed is that gab and 
T a b are related by the Einstein equations, this is what is 
to be shown. 

• I propose a new context to relate the classical and quan- 
tum description of space-time, which is suggested by 
the work of 0. This is inspired by an idea used in 
particle physics which is the the infinite-momentum 
frameQ. The idea, as developed by Bjorken, was that 
by transforming to an arbitrarily boosted frame of ref- 
erence all physical momenta are sent to infinity, which 
reveals the ultraviolet properties of matter. This was 
successful in revealing the parton structure of hadrons. I 
suggest a twist on this idea may be used to reveal the mi- 
croscopic structure of quantum geometry. In this case 
the idea is that a highly boosted accelerated observer 
can probe the quantum geometry. 

The Unruh effect can be interpreted as an indication that 
accelerated observers probe the microscopic structure 
of quantum fields 1 10]. The exciting idea pioneered by 
FGPf2| and confirmed by results of Bianchi[3] is that 
accelerated observers can also probe the microscopic 
quantum geometry. 

To implement this idea we consider a region of M of size L, 
small compared to the maximal radius of curvature. In this re- 
gion we imagine a uniformly accelerating observer, with four 
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acceleration a such that / = a <<L. The observer's motion 
creates for her an horizon, a distance I behind her. By extend- 
ing perpendicularly to the observer's world line we construct 
a family of parallel accelerated observers, whose worldlines 
make a three dimensional timelike surface, S- Their horizons 
then form two light like sheets, H that intersect at the space 
like two surface, H. 




FIG. 1 : A quantum near horizon region, ^ defined by a family of 
accelerated observers on 5. 

The observer carries a clock which measures a time T. To 
zeroth order in f , the geometry of the region between the ob- 
server's world line and the horizon can be approximated by 
Rindler space-time, as is shown in Figure 1 . 

We define a subregion of 5Vf denoted %_ which is a finite 
piece of the near horizon region observed by the observers on 
S- Pick two times on the observer's world line, T_ and x+. 
Each has a three dimensional spacelike surface of simultane- 
ity, L that intersect at H. 

The construction is completed by the erection of a timelike 
wall, W, at constant values of the transverse Rindler coordi- 
nates, so that the cross-sectional area enclosed is finite. We 
can then define %_ to consist of the region bounded by the sur- 
faces, S, , W and H. 

We know from the Unruh effect that when quantum field 
theory on the Rindler geometry is considered, %_ is a thermo- 
dynamic system which, as measured by observers on S, has a 
finite temperature. But that is just an approximation. The full 
description of %_ is as a dynamical quantum geometry. We 
can ask whether %_ can still be considered a thermodynamic 
system when studied with the tools of quantum gravity. The 
results of FGP and Bianchi tell us it is. 

The idea then is to give a deeper description of the region 
%_ by replacing its coarse grained description in terms of a 
classical metric and fields with a region of quantum space- 
time geometry. This quantum description of ^ can be called 
a quantum near horizon geometry. The states of this quan- 
tum description live in a Hilbert space, which has a pre- 
cise construction in loop quantum gravity. The quantum ge- 



ometry dynamics are observed by the family of accelerating 
observers who make up its timelike boundary, S- Those ob- 
servers can gain information about the quantum geometry in 
${_ by measuring suitable operators defined on their worldlines 
which make up its timelike boundary. 

We can note that spin foam models are formulated precisely 
to investigate regions of quantum space-time with classical 
boundaries such as 9{_ HJ. Following standard ideas we join 
the quantum description of the space-time region, %_ to the 
classical description by equating the pull back of the classical 
metric on its boundary d%_ with the expectation values of the 
corresponding quantum geometric operators. 

Note that the classical and quantum descriptions of %_ are 
just different levels of description of a single system. Every 
macroscopic region of space-time has both a classical and a 
quantum description. The argument to be given here relies on 
the fact that one can choose to describe an arbitrary near hori- 
zon region, created by the motion of an arbitrary accelerated 
observer, in either classical or quantum terms and that these 
two descriptions will be related as just specified. 

The quantum fields in the interior of %^ are then governed 
by quantum gravitational dynamics defined by constraints and 
a boundary Hamiltonian on S- This defines an energy, which 
allows us to study the thermodynamics of the quantum system 
comprising the quantum geometry and matter within 

The appropriate quantum Hamiltonian on the quantum sys- 
tem %_ has been defined by Bianchi|3 1 ,who shows that its ex- 
pectation value agrees with the classical definition of the the 
energy seen by the accelerating observer, as defined by Frod- 
den, Ghosh and Perez[2J. We show below the FGP energy is 
in fact the canonical hamiltonian for the near horizon region 
defined by evaluating the boundary terms of the Hoist action 
on the accelerating timelike boundary S- 

The first of the three properties to be imposed on the quan- 
tum description of the near horizon region can be considered a 
quantum version of the equivalence principle. This holds that 
there exists a quantum state, \R >, such that the change in the 
expectation value of the FGP energy, due to a matter pertur- 
bation, is given by the flux of the energy momentum tensor 
through the timelike surface, j> . This can be called the Sciama 
property. 

Following Bianchi we presume that observers on S carry 
thermometers which couple to the quantum geometry degrees 
of freedom within The first criteria to be satisfied by a 
quantum theory of gravity is that there should be a state in the 
Hilbert space associated with %_ whose temperature so mea- 
sured is the Unruh temperature 1 10 1, 



T = 



ha 
2kc 



(1) 



We will say a quantum theory of gravity in which this is true 
has the Unruh property. 

We also define the entropy of the quantum near horizon ge- 
ometry, S. We say a quantum theory of gravity has the Beken- 
stein property if the changes of this entropy obey 



55 = 



8A 
4hG 



(2) 
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where A is the area of space like sections of H + . 

We then consider perturbing the quantum system in %_ by 
making a small change to the energy momentum tensor, hT a b 
on S- We assume that the quantum gravitational system S 
satisfies the first law of thermodynamics 1 



85 = 



T 



(3) 



II. THE DYNAMICS OF THE NEAR HORIZON REGION 

A. Classical dynamics of the near horizon geometry 

The classical near horizon geometry is defined by the 
Rindler metric, 



ds z 



9 9 

a 9 9 ■ ; 

- — ^-dx + dp- + hjjdx l ± dx J ± (4) 




FIG. 2: A perturbation by a classical &T a i,. 

Given these assumptions we will derive below two main 
results: 

1. If a quantum theory of gravity is Sciama, Unruh and 
Bekenstein, then the classical metric and stress energy 
tensors will be related by the Einstein equations. This 
is essentially a restatement of Jacobson's classic result 2 
in m and is the subject of section 777. 

2. The recent results of FGP and Bianchi provide evidence 
that loop quantum gravity, with dynamics given in the 
spin foam formalism, is Unruh and Bekenstein. We also 
argue below that it will be Sciama because the quan- 
tum constraints are satisfied by spin foam amplitudes. 
Hence, there is good evidence that, if a spin foam model 
has an emergent description in terms of classical metric 
and energy momentum tensor, these are related by the 
Einstein equations. This is the subject of section IV. 

The presentations of these results depends on the construc- 
tion of the classical and quantum dynamics of the near horizon 
region, which are presented in section II. In section V I dis- 
cuss the leading order contributions in the spin foam sum over 
histories which contributes to the quantum dynamics of 
before closing with brief conclusions. 



1 More properly, called the Clausius relation. 

2 Very interesting related arguments have been given by Padmanabhan| 12 1. 



where a is an acceleration. % a = (^) a is the boost killing field 
whose norm is 



% %a — j 



(5) 



We will be interested in regions, 5Vf , of space time which 
are approximately Rindler, in that their geometry is defined by 
a metric, 



lab 



£b + Sgab 



(6) 



where g^ b is the Rindler metric and 8g a t is small and gives rise 
to a curvature whose radius of curvature is bounded below by 
some large length L. The space-time region will also contain 
matter, represented by hT a b, which we require to be small in 
the sense that 



\?>T ab \ < 



1 



8kGL 2 



(7) 



so that, if we succeed to show that the Einstein equations 
emerge, the radius of curvature sourced by $T a b by those equa- 
tions will be larger than L, so that the result we seek is consis- 
tent with the assumptions made during its derivation. 

To apply thermodynamics to the near horizon geometry of 
a black hole we define the open system, defined above and 
shown in Figure 1 . The system %_ is defined by the interior of 
two space like surfaces, the timelike surface S and the timelike 
wall, W. 

The outer, timelike boundary S is the surface po = ^ . The 
two space like boundaries are at x = x_ and x = x + , and are 
indicated by E±, these meet at the horizon p = 0, called H. 

The total boundary of ^ is given by 



3^ = 5UE + U//UE_UW 



(8) 



To define the classical dynamics within we allow the fields 
within %_ to vary subject to suitable boundary conditions on 
d%_. We use an action (to be described below) from which we 
define a canonical Hamltonian H^, conjugate to the time x of 
the accelerating observers. This Hamiltonian, H, will have a 
bulk term, proportional to constraints, which we collectively 
denote, C and a boundary term, H bmmdary defined on S. 

It is straightforward to derive the boundary term for the 
Hamiltonian. We fix space-time to be Rindler at and outside 
of the boundaries d%_ and study the interior of %_ as a classical 
dynamical system. The dynamics is given by the Hoist action 



4 



with a boundary term 



B. Quantum dynamics of the near horizon region 



5 = S^ + Ss 



(9) 



This action is well defined if we fix the pullback of the e a on 
the outer boundary, S, and let the other fields varv lflD . The 
philosophy is that we are choosing the boundary conditions to 
model the influence of external fields on the near horizon dy- 
namical geometry. We also fix the variation of the connection, 
S>A'J = on the horizon two surface, H, and the wall, W, so 
no boundary contribution to the action or Hamiltonian arises 
from there. 

It is easy to evaluate the boundary term given that the ge- 
ometry is assumed to be Rindler on the boundary. We use the 
frame fields 



e°= a ^dx, eP=dp, e i=1 > 2 = dx i 
c 

The connection on solutions satisfies 
de 1 =AjAe J 
The only non-vanishing component of A 11 is 

A°P = -dx 
c 

It is straightforward now to evaluate 



d x±dzL 



where the boundary contribution to the Lagrangian is 



L - 



8%G c 



(10) 



(11) 



(12) 



(13) 



(14) 



where h is the determinant of the pull back of the metric into 
the boundary. The Hamiltonian then has a boundary term 



1 a 

L= A- 

dz 8%G c 



(15) 



which agrees with FGP. Note that the Immirzi parameter does 
not appear. 

We note that a related result has been derived by Carlip 
and Teitelboim|5| and Massar and Parentani|6| 3 who derive 
the boundary energy on the horizon, H, in the case that the 
dynamical region extends outwards to infinity. In this case 
an energy arises from a contribution on the horizon which is 
proportional to the area on H, A#. 



The Hamiltonian ( 15 i already very remarkably contains the 
connection between energy and geometry that is encapsulated 
by the Einstein equations. We will exploit this below. 



' as is reviewed by Jacobson and Parentani[7J. This result has also been 
gotten in the connection variables by Bianchii and Wielandj8). 



We consider the quantum dynamics to the interior of the 
region We assume that outside of %_ there is a classi- 
cal space-time metric, g a b and energy momentum tensor, T ab , 
which are slowly varying on the Planck scale. 

The quantum dynamics of %_ is defined by the quantization 
of ( 10 1 with the same boundary conditions. We assume the 



quantum theory of gravity is coupled to matter degrees of free- 
dom. This is described in the usual terms involving a Hilbert 
space of solutions to the quantum constraints including matter 
fields. 



C^ix) >=0 



(16) 



The states are functions of the time T defined on the boundary 
but satisfy the quantum constraints for each time. They evolve 
with respect to the boundary time, 



ih — \VM >=ff mmdary m-z) > 
dx 



(17) 



We couple the quantum dynamics in to the classical dy- 
namics in the external region by demanding that the pull backs 
of g^and T a b on d%_ match the expectation values of the cor- 
responding quantum operators on the space like potions of the 
boundary. They are already matched on 5 by the common 
boundary conditions for the classical and quantum dynamics. 

The quantum theory should give us an amplitude for the 
following data: 

1 . Classical data to be given on the boundary including 
the pull backs of g ub and the energy momentum tensor 

Tab- 

2. An incoming quantum state, I 1 ?- > defined on 

3. An outgoing quantum state, \ X V + > defined on E + . 

4. The values of x± and a. 

Note that the classical data on dH{_ constrains, but does not 
completely determine the choice of quantum states on . 

The external energy momentum tensor is assumed to be 
conserved which means that to leading order in ^, 



J a N a = 



(18) 



where J a — T a t,% b is the conserved energy current and is 
the unit normal to d%_. 

Given these data a quantum theory of gravity computes an 
amplitude 

Z(y ± ,T ah ,x ± ,a) =< y + \U(T ab ,x ± ,a)\y_ > (19) 

where U(T u i,,x±,a) is the quantum gravity evolution operator, 
which formally is given by 



U(T ab ,x±,a)=e*te d ^ 



(20) 
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The Hamiltonian generates evolution of the quantum state in 
X which is the time coordinate of a boost killing field, as first 
shown in ||5][6). Correspondingly we can follow Bianchi to 
write, 



jjboundary = 



(21) 



where K p is a generator of boosts acting in the hilbert space 
0. 

The amplitude Z( l ¥±, T a t,,x±,a) may also be given by a 
path integral. 

We also will need there to be an area operator on spatial 
slices of the timelike boundary, denoted A 5 and an area oper- 
ator on the inner boundary, H denoted by Ah- 

The matching of classical and quantum data implies that 
initially the areas satisfy 

<V-\A H {\ = 0)\¥- >=<¥_|Ay(x_)|*F- > (22) 



III. JACOBSON'S ARGUMENT 

The goal of this section is to state criteria for a quantum 
theory of gravity such that the Einstein equations can be de- 
rived as an equation of state following Jacobson's argument. 
Following Jacobson|[Tl, we work within a region of size L less 
than the radius of curvature which can be considered approx- 
imately flat. We pick a space like-two surface, H, which can 
be approximated as flat, in the sense that its past and future 
directed null normals congruences to one side have vanishing 
expansion and shear. Those incoming and outgoing null sur- 
faces to the same side rooted at H are denoted H . The null 
geodesies comprising the outgoing surface H + are parameter- 
ized by an affine parameter, X. We then consider a family of 
accelerating observers with a constant acceleration, a, which 
have an horizon consisting of H and H . The worldlines of 
these accelerating observers form a timelike surface S- The 
outside of H,H^ can be parameterized by a Rindler coordi- 
nate system, as given in Q. 

The quantum gravitational physics observed from S is de- 
scribed in terms of a quantum near horizon region which we 
have just described. 



A. Criteria 

I specify the three properties of the quantum theory of grav- 
ity necessary to run Jacobson's argument. 

• We call a quantum theory of gravity, Sciama 4 if it sat- 
isfies the following definition of a quantum equivalence 
principle: 

There is a state \R > called the "quantum Rindler state" 
such that the response to the matter perturbation 8T a t, 



of the expectation value of the boost energy pi) is, to 
leading order in I , 

8E = 8<R\H b "" ndary \R>= j T ab N a % b (23) 

The justification for this is as follows: fj boumiary is a 
canonical Hamiltonian conjugate to the Rindler time, 
x, given, on physical states by the boundary hamil- 
tonian. The Rindler state should correspond to flat 
Rindler space-time. Hence if the equivalence principle 
is satisfied we can neglect gravity within the radius of 
curvature, L >> po- This means that to leading order 
in j the change in the energy of conjugate to the 
Rindler time x , should be equal to the flux of the con- 
served energy current J u = T a b% b across the boundary, 
S- Hence this is a quantum mechanical expression of 
the equivalence principle. 

• We call a quantum theory of gravity, Unruh if there is 
a state 5 , \R >, such that a thermometer at the timelike 
boundary S measures a temperature 1 10 1 



ha 
2%c 



(24) 



A thermometer can be modelled by a two state system 
dynamically coupled to the system %_ through an addi- 
tional interaction term in the boundary Hamiltonian[3]. 

We call a quantum theory of gravity Bekenstein if the 
change in entropy of the quantum system %_ is related 
to a change in area of H by 



Here by 8A// we mean 



5A„ 
4Gh 



(25) 



5A f 



--A H+ (X + )-<V_\A H (X = 0)\y_ > (26) 



where X + is a time slice of H + which is after the support 
of J a on H + . We note that this is within the classical 
region and hence A H + (X + ) is a classical quantity. 

B. A quantum version of Jacobson's argument 

We now assume all three properties hold and derive the Ein- 
stein equations on H + . To show this we follow Jacobson's 
argument, with slight modifications. 

We begin by discussing some properties of the energy mo- 
mentum tensor. We will assume that the matter perturbation 
hT u i, has support on a finite region of S and is purely incom- 
ing, so that it vanishes of £_ , W and H as shown in Figure 2. 



4 Because of Dennis Sciama's search for a quantum version of the equiva- 
lence principle llll . 



1 In the case that a theory is both Sciama and Unruh the two states \R > 
should be the same. This can also be a mixed state. 
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By any finite x + the energy-momentum that flowed in through 
S is still contained in %_ and hence will be measurable on E + . 



We note that from the Sciama property (23 i and ( 18 1 we 



have, again to leading order in ^, 



JaN" 



d 2 oVhdXXT ab k a k b (27) 



where k" — (J^) a is the null normal to the horizon. For the 
second equality we use the conservation of J a in the classical 
region between H + and E + . 

We then apply the first law of thermodynamics to the quan- 
tum system in 



55 = 



5E 



By the Bekenstein condition and ( 27 ) this gives 

d 2 aVhdXXT ab k"k b 



8S 



5E 



271 

Tl JH 



(28) 



(29) 



But we can use the Raychaudhuri equations on H + , because 
it is in the classical region. This gives us 



SS 



5A f 



1 



d 2 aVhdXXR llh k"k b (30) 



4Gh 4-Gh J H ^ 
Jacobson then notices that this implies that on 9{ + 

(R ah -8nGT ah )k a k b =0 



(31) 



but the starting point was the selection of the two surface H 
which was arbitrary. Hence ( |23] l holds for every suitably de- 
fined null surface, which implies, using the Bianchi identities, 
that the Einstein equations hold in M, 



Rab - ]^gabR + ^gab = %KGT ab . 



(32) 



for some value of the cosmological constant, A. 

Before we go on to loop quantum gravity there is one sub- 
tlety we need to understand. Jacobson's definition utilizes 
SA#, defined by (26 1, which is the change in area on the hori- 
zon. However the quantum theory of gravity will not tell us 
this directly; instead it will tell us 8A5, which is the change in 
the area of the timelike surface S- This is defined by, 

8A5 =< ^+|A 5 (T + )|^ + > - < ^_|A 5 (x_)|^_ > (33) 

However it is straightforward to show that to arbitrary preci- 
sion, if we make T + large we have, 



5A 5 = bA H . 



(34) 



First we note ( |22j i so that the expectation values of the areas 
of H and of S(i~) are equal. 

We then need to show that the area of H + (X + ) can be made 
arbitrarily close to the area of 5(x + ) by making x + large. 
This is a classical problem, because the two sphere denoted 
by S(l + ) is at a corner of the region %_ given by the intersec- 
tion of the outer timelike boundary S with the future space like 



surface E + , while H + (X + ) is within the classical region. So 
under the assumption that a and T + are large and the curvature 
of the classical region is small we can use the Raychaudhuri 
equations to estimate the change in area on moving from the 
point X + on the horizon to i + on the intersection of E + and S- 



SA = A H+ (X + )-<V + \A s (x + )\y + > 
A A H+ (X+) 



(35) 



Choosing X + so that it corresponds to the same t in Min- 
knowski coordinates as i + we find 



8A 
A~ 



< 



L 2 a 2 



-az + /c 



(36) 



where we recall that L is a lower bound on the radius of cur- 
vature of the metric in the entire region. But since a is chosen 
so that po = a -1 << L and x + can be taken arbitrarily large 
this error can be made arbitrarily small. 



IV. SATISFYING THE CRITERIA IN LOOP QUANTUM 
GRAVITY 

We can now discuss the extent to which spin foam models 
satisfy the three criteria just stated. 



A. The Bekenstein and Unruh properties 



The Unruh property ( |24| ) was established by Bianchi di- 
rectly by coupling a thermometer carried by the accelerated 
detector to quantum spin network states in He also de- 
fines the quantum boost Hamiltonian ft (21 1 and shows that 
on physical spin network states it satisfies 



<H>= ^G <As> 



This implies that 



85: 



8A5 
4Gh 



(37) 



(38) 



However, making use of (34i we see that (25i is satisfied so 
that the theory defined by a spin foam model is Bekenstein. 



B. The Sciama property and the FGP energy 

We showed above that the FGP energy is in fact the canoni- 
cal energy arising from the boundary term of the Hoist action, 
when that boundary term is evaluated on the world line of the 
accelerating observer S- This allows us to identify it as the 
physical energy of the system as seen by the accelerating 
observers on S- 

To show the Sciama property we note first that Bianchi 
shows that there is a state \R > such that (37i holds. Thus, 



the expectation value of the boost hamiltonian (21 1 is the FGP 
energy, which we have shown is the canonical Hamiltonian. 
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This further supports the identification of the boost generator 
( pi) with the canonical hamiltonian for evolution in x. 

We next note that FGP use one component of the Einstein 
equations 



= (G ab -SnGT ab )k a k b 
together with ([T8| to show that 



8Hc 



JaN" 



(39) 



(40) 



H + can be taken to be approximately flat, so that the radius of 
curvature is greater than L. But we have shown that there is 
curvature on H + due to the Einstein equations being satisfied 
with the source hT ab . For this to be consistent the curvature 
sourced by bT a /, must have a radius of curvature greater than 
L. This implies a bound on 5T ab , namely that given by Q, 

However, we would hope that the matter source could in- 
clude at least one quanta whose wavelength fits inside of the 
near horizon region of the observer, otherwise it would not 
make sense to treat the source classically. This requires that 



thus establishing the Sciama property. 

This of course required using a component of the Einstein 
equations. However, this component is just proportional to 
a linear combination of constraints and these are assumed to 
hold quantum mechanically in the quantum near horizon re- 
gion To see this we note that k" = \% a in the limit that 
we go to the horizon. So we can write 



\&Tab\ > ~ A 

Po 



(44) 



This implies that the observer's acceleration and L must be 
chosen so that 



ZlpL <Po<L 



(45) 



f i o r-irr Muibj^jA f //-. o \ a jv-fo So the observer cannot hover within a planck scale of the hori- 

' K{Gab-anGlab)k k dkdA = (G c , b -mGl a b)% dL .\ . . 

h+ Jh+ zon. There must be room for a semiclassical region between 



= 

Jh+ x " Jh+ v 

(41) 

using dlf 1 = k"dXdA on H + . Using Gauss's law in the classi- 
cal region bounded by H + and E + , we have 



zon. There must be room for a semiclassical region between 
the observer's world line and their horizon. Note, however, 



(G ab -8nGT ab )x a dL b 



(G 
(G 



dh -S%GT ab )% a dZ b (42) 
uh -SnGT ab )x a N b dpdA. 



where on E+ we use c/E fl = N a dpdA. But (G ab - 
8%GT ab )% a N is proportional to a linear combination of the 
Hamiltonian and diffeomorphism constraints on E + . 

We note that we have assumed that the state on E + satisfies 



the quantum constraints, ( 16 1. This implies that the expecta- 
tion value of the constraints are satisfied, 



< 1 P(x + )|C| v I , (t + ) >=0. 



(43) 



But we also require that the classical fields on the boundary 
E + match the expectation values of quantum fields. This im- 
plies that the constraints as functions of the expectation values 
of quantum fields are satisfied up to terms of order h coming 
from operator ordering and regularization. 

Spin foam models are constructed to propagate states which 
are solutions to the quantum constraints, because the spin 
foam amplitudes give matrix elements, in the spin network 
basis, of the projection operator onto physical states. Thus, 



(16 1 hold in spin foam models and we can then conclude that 
(39 1 is satisfied on H + to leading orders in £ and h. 

Thus, there is good evidence that all three properties are 
satisfied by spin foam models. This supports the conclusion 
that the Einstein equations hold in the course grained descrip- 
tion when the quantum dynamics in %^ is described by a spin 
foam model. 



C. Consistency check 

Our derivation assumed that the geometry in a region of 
size L » po around the quantum near horizon region and 



that (36 1 can still be satisfied arbitrarily well by waiting to a 
time 'V large in units of po/c. 



V. THE LEADING CONTRIBUTION TO THE SPIN FOAM 
CALCULATION. 

I can also discuss the leading term in the spin foam sum to 
the amplitude Z( x ¥±, T ab ,x±,a). 

Following Bianchi , we define an initial four simplex as fol- 
lows. Represent a facet of H by a trianglular face, F. Define 
the vertex V- corresponding to the event x_ on an observers 
world line, x a (x_) in S- (See Figure 3). F and v_ together 
make a tetrahedron, T . This corresponds to the initial slice 

The initial state, >, on E_, is defined on a dual four 
valent node dual to T with four edges dual to its faces. 

Now, pick a second event x a (xi) to the future of x°(t_) on 
the world line. Construct a one to four move on T and iden- 
tify the new vertex so added with x" (ii ) . F and x° (x) together 
make a new tetrahedron, T\ which corresponds to and is con- 
tained in the space like slice Ei that includes F and x"(x\). 

The five points, ;t:"(x_),x"(xi) and the three vertices of F 
make a four simplex, £/ito which a spin foam model will pro- 
vide an amplitude. One can choose the state on the boundary 
of this four simplex in the following way. F is dual to a spin, 
jf while the labels on the graphs dual to T and T\ represent 
the initial and final state. Label the faces to correspond to 
a choice of edge lengths for all the edges that join x(x_) or 
x a (xi) to the nodes of F to be po = -. The choice of labels 
is also constrained by the requirement that the timelike edge 
between x"(x_) and x a (x_) has a fixed length. These fixed 
lengths are large in Planck units. 

Thus, we can write the four simplex amplitude as 



^[=< l Pi|W(Ax,fl)| l P_ > 
where Ax = Xi — x_. 



(46) 
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FIG. 3: The quantum near horizon region ^ constructed in a spin 
foam by a series of 1 — > 4 moves, which are here illustrated in this 
two dimensional figure by 1 — > 2 moves. 



Now repeat the process. Define a new point xffo) to the 
future of xf(xi) on the world line so that 12 = Ti +At and 
identify it with the new vertex created by a one to four move 
operated on the tetrahedron T\ . Repeat this N times until In = 
T+. The partition function is then 

Z =< «F+|W Ar (AT,a)|'F_ > (47) 

To complete the construction it is necessary to extend the 
triangulation transversely in the direction of the x l L coordi- 
nates. This can be done by following each 1 — > 4 move with 
several 2 — > 3 and 3 — > 2 moves to bring the triangulation of 
X4 to the same form as the initial triangulation of XL. I don't 
give the construction here. 



VI. CONCLUSION 

These results strengthen the case that loop quantum grav- 
ity provides a physically plausible quantum theory of grav- 
ity, when its dynamics are expressed by spin foam ampli- 
tudes. The argument assumes that a quantum space-time as 
described by a spin foam model has an emergent description in 
terms of a metric and energy momentum tensor on a manifold. 
Given that, the results discussed here give strong evidence that 
the Einstein equations govern that emergent description. 

It is worth mentioning several issues that require more 
thought. 

• More clarification is needed concerning the role of the 
boundary conditions imposed at S and on H. 

• There is more to understand about the detailed proper- 
ties of the quantum states used in the derivations of the 
three properties of spin foam models. 



• There is an alternative account of black hole entropy in 
loop quantum gravity by Ghosh and Perez lfl6l . which 
makes use of a chemical potential to take into account 
the effects of thermodynamic processes that change the 
number of punctures, N, on the boundary. It is my un- 
derstanding that these terms do not affect the calcu- 
lations of Bianchi, but they do allow another setting 
in which the argument described here can be run in 
the context of a different thermodynamic ensemble in 
which variations of N are physically meaningful ifTTl . 

• There is a non-relativistic argument for the emergence 
of Newtonian gravity as an entropic force given recently 
by Erik Verlinde[14 |. This argument can also be run in 
loop quantum gravity] 15]. It would be interesting to 
know how those arguments are related to the present 
one. 

• The present result does not preclude the existence of 
other routes from spin foam models to the conclusion 
that the Einstein equations are satisfied by the emergent 
geometry. In particular, the fact that spin foam models 
yield states that satisfy the quantum constraints could 
be perhaps the basis of an alternate argument. Nonethe- 
less, note that even if we assume the existence of an 
emergent description labeled by coarse grained metric 
and energy momentum tensor, there need be no cou- 
pling between them at all, apart from covariant con- 
servation. The metric might just be arbitrary and non- 
dynamcal. Here it is the first law of thermodynam- 
ics, that requires the metric to have dynamics which is 
sourced by the energy-momentum tensor. Thus, even 
given that the thermodynamic argument is not the only 
route to the Einstein equations, it is a route that is il- 
luminating. Furthermore, it embraces and explains the 
basic lesson of black hole thermodynamics, which is 
that space-time itself is a thermodynamics system. 

These results are complementary to existing results con- 
cerning the low energy limit of spin foam models described in 
Those results make use of the asymptotic form of the spin 
foam amplitudes when the spins, or edge lengths, are taken 
to be large in Planck units|18|. There emerges in that limit 
a beautiful connection with classical general relativity in the 
form of Regge calculus. The present discussion does not need 
to assume that spins or edge lengths are large, as these are not 
needed for the results in (3l)- However while the asymptotic 
results construct the space-time which emerges in the low en- 
ergy limit through Regge calculus, the present results need to 
assume the emergence of the classical description. 

At the same time, the present argument avoids having to 
discuss details of the ultraviolet behaviour of spin foam mod- 
els such as whether one sums over triangulations or works 
with a fixed triangulation or whether summation is really 
equivalent to refinement. This is because the argument is gen- 
uinely thermodynamic, as it makes use of the thermodynamic 
results of Bianchi. The remarkable thing is that the quantum 
near horizon region generated by an accelerated observer is, 
according to the results of FGP and Bianchi, genuinely a ther- 
modynamic system. Unruh showed this was the case when the 
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quantum system in question was an ordinary quantum field 
theory on Rindler space-time; what Bianchi shows is that this 
remains true when the quantum degrees of freedom are those 
of loop quantum gravity. 

These results may be extended to give corrections to the 
Einstein equations; indeed there is already a literature which 
describes how to use Jacobson's argument to reason from 
corrections to horizon entropy to corrections to the Einstein 
equations lfT9l . 

The present results may also have implications for the issue 
of whether and how lorentz invariance is deformed in spin 
foam models, as Jacoson's thermodynamics is also a context 
for probing violations or deformations of Lorentz symmetry. 

In his groundbreaking paper, (T), Jacobson argued that clas- 
sical general relativity could emerge from a quantum statisti- 
cal mechanics system that is not the quantization of classical 
general relativity. This point is well taken, but neither is it 
excluded that the thermodynamic system the Einstein equa- 
tions are emergent from would happen to be a quantization of 
general relativity. Indeed, classical general relativity must be 
emergent from any successful quantum gravitational theory, 



as such a theory must be background independent and hence 
not describable in the language of classical fields on mani- 
folds. Jacobson's argument is then a central tool for exploring 
the connection between quantum and classical space-time ge- 
ometry no matter whether the underlying quantum system is 
imagined or derived. 
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